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Abstract 



Using minimax methods and Lusternik-Schnirelmann theory, we study multiple 
Mh ■ positive solutions for the Schrodinger - Kirchhoff equation 

< 



A I 



ff \X7u\ 2 dx+ [ udx ) \-Au + u] = f(u) 



in Q\ — \Q. The set Q. C R 3 is a smooth bounded domain, A > is a parameter, 
M is a general continuous function and / is a superlinear continuous function with 
subcritical growth. Our main result relates, for large values of A, the number of 
solutions with the least number of closed and contractible in fl which cover O. 

> 
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O ■ 1 Introduction 

In this paper we study multiple positive solutions for the following problem 

r Cu = /(«), n x 

X : (Px) { u > o, n x 

{ u = o, dn x 

where O C R 3 is a smooth bounded domain, A > is a parameter, Q,\ :— Ail is an 
expanding domain and C is the nonlocal operator given by 

Cu = M ( / \\7u\ 2 dx + / u 2 dx ) [-Au + u] . 



In 1883, Kirchhoff [M] established the equation 
W P W-{T + 2Lj 
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where L is the length of the string, h is the area of cross-section, E is the Young modulus of 
the material, p is the mass density and Pq is the initial tension. This model was proposed 
to modify the classical d'Alembert's wave equation, assuming a nonlinear dependence of 
the axial strain on the deformation of the gradient. 

Owing to its importance in engineering, physics and material mechanics, a considerable 
effort has been devoted during the last years to the study the generalization of the stationary 
equation associated with problem (K) . With no hope of being thorough, we mention some 
papers regarding the study of this class of problems: [2j. [12 ] . [15], [15 ] . [TD], [15 ] . [2D], [22 ] 
and reference therein. For an excellent didactic about this class of problems we cite [BJ and 
for an overview of non-local problems we cite [10] . 

Problem (Pa) is a generalization of the stationary problem associated with problem 
(K). Before stating our main result, we need the following hypotheses on the functions M 
and /. 

The continuous function M : M. + — >• R+ and the nonlinearity / : R — >• R satisfies the 
following conditions: 

(Mi) There is m > such that M(t) > m , Vt > 0. 
(M2) The function t »->• M(t) is increasing. 

(M3) The function t \- > is decreasing. 

A typical example of function verifying the assumptions (Mi) — (M 3 ) is given by M(t) = 
m + bt, with m > and b > 0. More generally, each function of the form M(t) = 

k 

mo + bt + T^ bit 11 with b\ > and ji G (0, 1) for all i E {1, 2, . . . , k} verifies the hypotheses 

(Mi) - (Ma). 

Now we give an example of a continuous but non-differentiable function that satisfies 
such hypotheses. Let mo, 60, b\ and to be positive constants such that &o 7^ &i an d to < b "'1 
if 60 <b\. We define the continuous function 

f m + 6 t, if < t < to 

m{l> \ m + (b - h)t + bit, if to < t 

Since that bo 7^ 61, we have that M is non-differentiable in to- Using the same reasoning, 
we can build continuous functions that are not differentiable in a finite number of points. 
We assume that the locally Lipschitz continuous function / vanishes in (—00, 0) and 
verifies 

(/ 2 ) There is q e (4, 6) such that 



lim — =- 
t-»-o+ t J 


= 


lim /W 


= 0, 



(/ 3 ) There is 6 G (4, 6) such that 

< 6F(i) < f(t)t, Vi > 0, 

where F(s) = / f(t)dt. 
Jo 

(A) The application 



t 3 



is nondecreasing in (0, oo). 



A typical example of locally Lipschitz continuous function verifying the assumptions 
(A) - (A) is given by 

n 

with a > not all zero and qi G [9, 6) for all i G {1, 2, . . . , n}. Moreover, a very simple 
example of non-deffercntiable function verifying these hypotheses is given by 

f(f\-l c(i+) " 2 ' if < £ < 1 
JW ~ \ c(i+)" 1 , if * > 1, 

where c > and 4 < < qi < q 2 < 6. 
The main result of this paper is: 

Theorem 1.1 Suppose that the function M satisfies (-Mi) — (-M3) and t/ie function f sat- 
isfies (/1) — (A). XTien t/iere exists A* > such that, for each A G [A*, 00), </ie problem 
(Pa) ftas ai /easi catfi positive weak solutions. Moreover, ifcatfl > 1 then (P\) has at least 
catfl + 1 weak solutions. 

For more informations about the Lusternik - Schnirelmann category, we refer to [7] and 
i- 

When M = 1 we have the following problem 

-Au + u = f(u), fl\ 
(BC) { u > 0, fi A 

u = 0, 9f2 A 

that was studied first by Benci and Cerami in [7 a . In order to obtain multiple solutions for 
this problem, these authors made comparisons between the category of some sublevel sets 
of the functional associated to the problem and the category of the domain fl\. After this 
excellent paper, appeared several generalizations. A version of this problem for a class of 
quasilinear equation can be seen in [4] . In [5] there is a version considering the Schrodingcr 
operator in the presence of magnetic potential. The case with p-Laplacian operator is in 
PP. In all these works the nonlinearity / is C 1 class, because in the arguments used was 
important the regularity of the Nehari manifold associated to (P\). 



Problem (P\) is a nonlocal version of the (BC) considering the Kirchhoff operator. 
But the presence of Kirchhoff operator with M and / only continuous imply that several 
estimates used in [7] , [T] , [3] and [5] cannot be repeated for the functional energy associated 
to (P\)- To overcome this difficult we use an argument that can be found in [TS] and [T5] . 
and we introduce some Lemmas, as for example, Lemmas 12.31 and 12.41 However, due to the 
presence of the function M, some estimates more refined are need, such as in the study of 
the limit problem and in the Lemma 13.21 

An important point in this type of arguments is the existence of solution of a limit 
problem. In our case, the limit problem is given by 

,p \ / CooU = f(u), IR 3 

^°° j \ u > 0, IR 3 . 

This result was proved in [3] ■ In our paper we show this result of existence considering 
a less restrictive set of assumptions about / and M. 

The paper is organized as follows. In the section 2 we study the existence of solution 
of the limit problem and we prove a compactness result of the Nehari manifold associated 
to the functional of the limit problem. This study was not necessary in [3] . In the section 
3 we study the behavior of minimax levels from the functional associated to the problem 
(P\). The main result is proved in the section 4. 

2 The limit problem 

An important result that we shall use in this work is related to the existence of a positive 
ground-state solution for the problem 

/p s / CooU^ f{u), IR 3 

^°° j 1 u > 0, IR 3 , 



where 



C 00 u = M[ / \Vu\ 2 dx+ I u 2 dx] [-Au + u]. 
\Jtr 3 Jtr 3 J 



More precisely, we are concerned with the existence of a positive function u <G i/ 1 (R 3 ) 
verifying 

looiu) = Cqo and I'^u) = 0, 



where 



/«,(«) = iM(|M| 2 ) - f F(u) dx, 



M(t) = / M(s) ds and c^ denotes the minimax level of the mountain pass theorem 

Jo 
associated to the functional 1^ and given by 

Coo = inf sup loo (7 W) > 
T er te[0,i] 

withL = { 7 eC([0,l],ff 1 (R 3 ) : 7(0) = and 100(7(1)) < 0}. 



It is not difficult to check that loo is a C 1 functional, 

P^(u)v = M(||u|| 2 )(u,u)- / f(u)v dx, Vu,v eH^W?) 

and its Nehari manifold is given by 

Moo = {u 6 F 1 (1R 3 )\{0} : 4,(u)u = 0}. 

Here, (, ) and ||.|| denote, respectively, the standard inner product of iJ 1 (R 3 ) and its induced 
norm. 

In [3J Theorem 2.5] was proved that problem (Poo) has a positive solution. Since that 
in our paper we have a smaller number of the hypotheses, we give some details about this 

result. 

2.1 Existence of positive ground-state solution for the limit prob- 
lem 

Notice from (Ms), there is a positive constant K such that 

M(t) <K + M(l)t, (2.1) 

for all t > 0. Thus, the growth condition (|2.ip and (Mi) allow us to use [3J Lemma 2.1, 
Lemma 2.2] and to conclude that functional 1^ has the Mountain Pass geometry and by a 
version of Mountain Pass Theorem (see [[21]. Theorem 1.15]), there is a (PS) Coo sequence 
for the functional 1^, that is, there is a sequence (u n ) C H 1 (W?) such that 

Ioo(u n ) -> Coo and I'^Un) -> 0. 

Using [3, Lemma 2.4] we can assume that the weak limit of a (PS) Coo is nontrivial. 
Indeed, suppose that u„ — *■ 0. Since u n -ft 0, there are (y n ) C K 3 and R, f3 > such that 



liminf / u n dx > f3 > 0. 

n— >oo / D / \ 



Considering v n (x) = u n (x + y n ), we can prove that (v n ) is a {PS) Caa sequence for the 
functional loo, (v n ) is bounded in P^IR 3 ) and there is v G H 1 (M?) non-trivial, with v n — *■ u 
emP^IR 3 ). 

In the next Proposition we obtain a positive ground-state solution for the autonomous 
problem (Poo)- 

Theorem 2.1 Let (u n ) C P^IR 3 ) &e a (P<S r ) Coo sequence for loo- ITien t/iere is u £ 
iP(IFc)\{0} wra£/i w > smc/i that, passing a subsequence, we have u n —>■ u in iP(IR). 
Moreover, u is a positive ground- state solution for the problem (Poo)- 

Proof. Firstly we prove that (u n ) is bounded in H l (W?). Since (u n ) C iJ^IR 3 ) is a (PS) Cx 
sequence for Too, there exists C > such that 

C + \\u n \\ > Ioo(Un) - T^oo( u n)-"„, Vn £ IN. 



From (/ 3 ), we get 



C+ |K|| > \M{\\u n \\ 2 ) - ±M(\\u n \\ 2 )\\u n \\ 2 , Vn e IN. 



Notice that by (M3) we have 



M (t) > -M{t)t, 



for alH > 0. This inequality allows us to conclude that, 



l -M(t) - l -M{t)t 






(2.2) 



(2.3) 



for all t > 0. Now, suppose by contradiction that, up to a subsequence, ||w n || ~~ ^ 00. Thus, 
C 



1 1 

tt > v. ; 



Passing to limit we get 



\M{\\u n \\ 2 )-- e M{\\u n f)\\u n f 



D ! -^r- I m > 0, 



Vn el 
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which is an absurd. Hence, there exist u e i/ 1 (IR 3 ) and to > such that 

m„ -^u in tf^IR 3 ), 

and 

\\un\\ -+ t . 

Since M is continuous function, we get 

M(\\u n \\ 2 ) ^ M(4). 
From [3, Theorem 2.5] we conclude that 

M{tl) = M{\\uf). 
Using (M2) we obtain ||u|| = to and the lemma is proved. ■ 



(2.4) 
(2.5) 

(2.6) 
(2.7) 



An important property that we can derive from (|2.4[) . ()2.5[) and ()2.7[) is that, up to a 
subsequence, 

u„ -> u in iJ^R 3 ) (2.8) 

2.2 A compactness result on the Nehari manifold associated to 
limit problem 

We denote by H l > + (W?) the open subset of i? 1 (]R 3 ) given by 

i^'+tlR 3 ) = {ue ii^lR 3 ) : u+ = max{0, u} ^ 0}, 



and 5+ = Soo n H 1+ (W?), where S^ is unit sphere of H 1 ^). 

Note that 5+, is a non-complete C^-manifold of codimension 1, modeled on H 1 (JR:) 
and contained in the open H^+QR*). Thus, H 1 ^) = l^S 1 ^, ©Ru for each u G 5+ , where 

r u 5+ ={ w eiJ 1 (K 5 ):(«^) = o}. 

As can be seen in [TJ Theorem 3.1], to prove the main result, it is very important to 
obtain a result of compactness on of the Nehari manifold associated to limit problem. Since 
that / and M are only continuous, we cannot claim that A/"oo is a continuous manifold. 
Here was necessary a new argument. In the Lemmas 12. II and 12.21 we adapt arguments from 
the excellent book [TH1 Chapter 3], see also [T7]. In the Lemma [231 we prove a result of the 
type Ekeland's Principle on set £+. The behavior of the functional 1^ near the boundary 
of £+ (see Lemma l2~!Tl (Ai)) overcome the fact that this set is a non-complete C 1 ' 1 -manifold 
of i? 1 (IR 3 ). In the Lemma T2.4l we prove the main result of the section. 

Lemma 2.1 Suppose that the function M satisfies (Mi) — (M 3 ) and the function f satisfies 
(/i)-(A). Then: 

(Ai) For each u £ H 1 - + (R 3 ), let h : JR+ -)■ H be defined by h u (t) = Ioo(tu). Then, there is 
a unique t u > such that h' u (t) > in (0,t u ) and h' u (t) < in (t u ,oo). 

(A2) there is r > independent on u such that t u > t for all u £ S+ . Moreover, for each 
compact set W C S^ there is Cy\> > such that t u < Cy\> , for all u £ W. 

(A3) The map m^ : i/ 1,+ (M 3 ) — > A/"oo given by fhoo(u) = t u u is continuous and m^, := 
fhoo . is a homeomorphism between S^ and A/"oo ■ Moreover, m^ (u) = ttjtt- . 

{Ai) If there is a sequence (u n ) C S^ such that dist(u n , dH 1,+ (M 3 )) — > 0, then ||77loo(itn)|| ~* 
00 and Ioo(moo(u n )) — > 00. 

Proof. Since that (Mi) and (|2.1[) occurs, the items (A\), (A2) and (A3) follows of the a 
simple adaptation of the JT5J Proposition 8]. The item (A4) follows by 18, Lemma 26]. ■ 

We use (A3) and (A4) to overcome the lack of differentiability of Moo. (see Lemmas 12.31 
anddU). 

Now we define 

$oo : H^+Qtf) -> He *„, : S+ ->■ IR, 

by *oo(u) = Ioo(moo(u)) and ^ := (*oo)| s+ • 

Using the same type of arguments explored in f |18[ Lemma 26]) we can prove the next 
lemma. Thus, we omit the proof. 

Lemma 2.2 Suppose that the function M satisfies (Mi) — (M 3 ) and the function f satisfies 
(h)-(fi). Then: 

(a) $«, eC 1 ^ 1 '^! 1 ),!) e 

§'„,(«)„ = ^Mo^ocHK V U G J3*'+(]B?) e to G ^(IR 3 ). 



(b) ^e^fS^E) e 

^'oc( u )v = ||m(u)||l£ o (m 0o (u)>, Vw e T„5+. 

(c) If (u n ) is a (PS) C sequence for <l/oo, then (moo(u n )) is a {PS) C sequence for the func- 

tional i^. If (u n ) C A/"oo is a bounded (PS) C sequence for 1^, then (m^(u n )) is a 
(PS) C sequence for ^oo- 

(d) u is critical point of ^ oo if and only if m^u) is a nontrivial critical point of 1^. 

Moreover, the critical values are the same and 

inf ^oo = inf loo. 

By using (Mi) — (M3) we have, as in [18l Remark 11, Remark 34], the following varia- 
tional characterization of the infimum of Jon over A/"oo : 



Coo = inf loo(u) = inf max/ 00 (tu) = inf max/ooftu). (2.9) 

Lemma 2.3 Let (v n ) C S^ be a sequence such that ^ao{v n ) — > Coo- Then, there is a 
sequence (v n ) C 5+, such that (v„) is a (PS) Coa sequence for Vtoo in S^ and \\v n — v n \\ = 
o„(l). 



Proof. Let (V,d) be a complete metric space, where V = H 1 - + (Wl) and d(u,v) = \\u — v\\, 
and a map Coo : V — ¥ IRU {00} given by ((u) — \&oo(u) if u E # 1,+ (IR?) and ((u) = 00 if 
u E dH 1 ' + (Wt i ). From Lemma |2~T1 (Aa ) . we have that £ is continuous and by (Ms) and (/a) 
we conclude that £ is bounded below. Using Eleland's Variational Principle pT] Theorem 
1.1], it follows that for each given e, A > and each u E V, with Coo < ((u) < Coo +£, there 
is v E V such that 

C(v) < C(w), \\u - v\\ < A e CH > CO) - (~)||<y -w\\, V w^v. (2.10) 

A 

Once that (u n ) C 5+ and C( u «) = ^coOn) — ► Cqo, from Lemma [2~T1 (A4), there exists 
B > which independent on n E IN such that 

dist(w„,c)i/ 1 ' + (IR 3 )) > R, V n E IN. 



u 



Thus, for each z E Bi(0) G iJ^IR 3 ) and for each n E IN, we get 

v n +tz£B R (v n )(ZH^ + {W^), Vte(0,-). (2.11) 

2 2 

We can consider without loss of generality that $oo(D n ) < c^o H . Hence, choosing 

n 
= v n and e = A = — in (12.101) . we obtain w n E V such that 

CooOU < *ooK), (2.12) 



\\w n -v n \\<- (2.13) 

n 

and 

1 /? 

Coo(w„ + tz) > *«,(«;„) - (-j)||t«||, V t € (0, -), (2.14) 

n £ 2 

where in (|2.10p was chosen w — w n + tz. From (|2.12p . (|2.13[) and (|2.1ip we derive (w n ) C 

H^+Qtf) and 

ID D 

||to„+te-«»|| < - + -T, VneKeVte (0,-). 
n 2 2 

Thus, for n large and £ £ (0, $), we have w n + tz G Bii{v n ) C i? 1,+ (IR 3 ) and conse- 
quently Coo(«5„) = ^00(^71) and Coo(u> n + te) = *oo(w„ + tz). 
By ([234]) we obtain 

V^+tz)-*^) > _ ( J_ )|k||) (2#15) 



for all £ G (0, ■§), n > no and z G Bi(0). Using the definition of "J^ follow that, for 
each u G i7 1 ' + (IR 3 ), we get ^^(tu) = ^oo(u), for all t > 0. Now defining w„ = flnn we 
conclude that {v n } G 5+ . Moreover, from (|2.12j) we derive 

Coo < *oo(w«) < *»(»„). (2.16) 

By ([233]) . we obtain 

1- - < ||w„|| < 1 + -, VnGM (2.17) 

n n 

From (|2.13|) and a straightforward computation, we have 

\\v n -v n \\<-?— (2.18) 

n — 1 

Finally, from (I2.15|) we conclude 

$oo(%±rr)-*oo(w„) 1 

"""'" ^-^ > -(^)|k||, 



for all £ G (0, §), n > n ande z G -Bi(O), that implies 

^J > -(-)||z||||^||, 

l|ffin|| 



for all £ G (0, §), n > no c z £ -Bi(O). Passing to the limit in £ — ► and using (|2.17|) we 
have 



for all n>n and z G -Bi(O). Considering now z G Bi(0) H T^ n S x , we get 

||^(^)||* <(^)(1 + -), (2.19) 



for all n > Uq. Passing to the limit in n — > oo in (|2.16[) . (|2.18[) and (|2.19[) we prove the 
Lemma. ■. 

The following compactness property will be crucial in our arguments and is necessary 
because the Nehari manifold is not a regular manifold. If M and / are C 1 functions, we 
can to argue as in [TJ Proposition 3.1]. 

Lemma 2.4 Let (u„) C A/oo be a sequence such that Ioo{u n ) —> Crx,. Then, 

u n {x) = w n (x - y n ) + ^{x - y n ), 

where {w n } C i? 1 (IR ! ) with 

w n -4-0, em ff^E 3 ), 

{Vn} C He is such that \y n \ — » oo and ^> G H 1 (fix) is a positive continuous function that 
satisfies 

/«,(*) = Co e /;,(*)* = 0. 

Proof. Follow from Lemmas 1231 ( ( A> ) ) . 12721 and l2^| that 

Un = m- 1 K) = ¥ ^e5i, VnelN (2.20) 

||Un|| 

and 

^oo(Wn) = Ioo{u n ) ~> C^ = mf *oo- 

By Lemma [2~3l there is a sequence {?;„} C 5+ such that {v n } is a {PS) Cao sequence for 
f m on S+ and 

||«n-«n||oo = On(l). (2.21) 

Thus, 

$'oo(vn)v = 2A„(u n ,u) + o„(l), Vt> e ff^IR 3 ). 

From Lemma l2~2l ((a)), we have 

||TO 00 (u n )||J 00 (m 00 (« n ))« = 2A n (v„,v) + o„(l), W e ff^IR 3 ), 
that implies 

C (»»«,(«„))« = 2A„ f £„, T ^rrii J + On(l), Vw g tf ^K 3 ). (2.22) 

Hence, for i) = rrioo^n)) we get 

= /^(moo(u«))TOoo(v„) = 2A„ + o„(l). 
Thus, we conclude that A„ — >• as n — > oo and from (|2.22l) . we obtain 

H4,("»oo(»n))|| < C|An| + O rl (l) = o„(l). 

Thus, {moo^n)} is a (PS) Coo sequence for 1^ in iJ 1 (IR 3 ). From (|2.8|l . we obtain 
{w n } C iJ^IR 3 ) and {y n } C IR 3 such that 

w n -4-0, iniJ^IR 3 ), 
10 



\y n \ — > oo and 

moo{v n ){x) = w„(x - y n ) + *(x - y n ), 

where ^ G H 1 (W?) is a positive function satisfying 

/«($)= Coo and/^($)$ = 0. (2.23) 

So ||$|| > r > 0, and denning 

- / x _ Woo^jfa;) _ w n (x-y n ) V(x-y n ) 
||tooo(w„)|| ||moo(vn)|| ||moo(t; re )||' 

we conclude that ^ 

v n [x) = w n (x - y n ) + - — — -, 

||TOoo(u n )|| 

It 1 [ T II ) 

where w n (x — y n ) := -^ — " is such that id„ — ^ in iJ^lR 3 ). Follow from (12.211) that 

HtoooKOII 

/ s / s , *(x-y„) 
t>„(x) = w„(x - y n + — — . 

||TOoo(UnJ|| 

From (|2.20[) and from the continuity of Toco , we have 

/ *(x-y n )\ 



u n (x) = w n (x -y n ) + rile 



|moo(z?„)|| 



Defining, Vt := moo t, ,^ = m 00 (^'), it follows that 

\\\moo(Vn)\\ J 

u n (x) = w n (x - y n ) + *(x - y n ), 
with w n -» in iJ^K?). From (f!T23"|) . we derive 

/oo(*) = c oo e/^(*)* = 0. 



3 Variational framework and behavior of minimax lev- 
els 

From now on we will assume, without loss of generality, that £ $7. Let us fix real numbers 
R > r > such that B r (0) c fi C Br(0) and the sets 

ft+ := {iel' v : dist(x,Q) < r}, fT := {x e fl : dist(x,dO) > r} 

are homotopically equivalent to Q. 

11 



For each A > 0, we shall denote by H^ttx) the Hilbert space obtained by the closure 
of Cg°(f2 A ) under the scalar product 



(u, v)\ '■= / Vu\7v dx + / uv dx. 
The norm induced by this inner product is given by 

1 /9 

||tt|| A := ( / \Vu\ 2 dx + / \u\ 2 dx) . 
\Ja x Jn x J 

In view of (f\) — (fi), we have that the functional I\ : H^ttx) — > K given by 

J x (u) := ]-M(\W\\l) f F(u) dx (3.1) 

is well defined. Moreover, J x € C 1 (Hq(£1\)) with the following derivative 



J' x (u)v = M(\\u\\l) 



\7u\7v dx + / uv dx 
n x Ja x 



f(u)v dx. 



Thus the weak solutions of (P\) are precisely the critical points of J\. 

As in the previous section, we denote by -ff 1,+ (f2 A ) the open subset of Hq (Q x ) given by 

iJ 1 '+(f7 A ) = {ue H^(Q X ) : u + = max{0,u} ^ 0}, 

and S% = S\ n F 1,+ (O a ), where 5 A is unit sphere of H^(Q, X ). Recalling that Aq^a) = 
T U S£ 8 Em for each it e S+, where T U S% = {v e H^(ft x ) ■ (u, v) x = 0}. 

In view of the subcritical growth of /, (fs), (Mi) and (|2.1j) . it is standard to check 
that J\ satisfies the Palais-Smale condition. Moreover, these hypotheses imply that J\ has 
the mountain pass geometry. Hence, for each A > 0, there exists u\ e Hq(O a ) such that 
J\(u\) = b\ and J' x (u x ) = 0, where b\ denotes the mountain pass level of the functional 
J A . 



Remark 3.1 We point out that analogous results to the Lemmas \2.1\ and \2.2\ are still true 
for the functional J\. Moreover, in the present case, we denote the functions of those 
Lemmas by m A , m A , \I/ A and \I/ A . 

By using (Mi) — (Ms) and as [El Remark 11, Remark 34], we can prove that b\ can 
also be characterized as 

b\ = inf J\(u) = inf max J\(tu) = inf max J\(tu), (3.2) 

ueMx uem-+(n x ) t>o u&s + t>o 

where M\ is the Nehari manifold associated to J x , namely 

Mx := {u e H^Q x )\{0} : J' x (u)u = 0}. (3.3) 

From (/i) and (f%), there exists r — r(X) > such that 

NU>r>0, (3.4) 
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for all u e M\. 

We recall that B\ r (0) C fix and define the triple (Jx.r, bx,r> AlA,r) i n a similar way, 
just replacing Q\ by B\ r (0). 

For each i£l 3 , let us denote by A\ tX the following set 

A x , x := B X r{x) \ Bxr(x) 
and define the functional Jx, x : Hq(Ax, x ) — > K by 

Jx, x {v)~\m(( \Vv\ 2 dx + \( \v\ 2 dx)-f F(v)dx. (3.5) 

and the set 

Ax, x := {v e F 1 (A A) x,M)\{0} : J x , x (v)v = 0}. 

For v € H l (M. N ) with compact support, we consider the barycenter map 

/ ir|Vv| 2 dx 
m := ^ 

/ \Vv\ 2 dx 
and we introduce the following quantity 

a x , x := ini\jx,x(v) : v £ .Aa.x and f3(v) = xj . 
We present below an important property of the asymptotic behavior of the numbers 



Lemma 3.1 The following holds 



Coo < liminf ax,o- 

A— >oo 



Proof. Since Coo < aA,o for any A > 0, we have that Coo < liminf a-j-oo oa,o- Suppose, by 
contradiction, that for some sequence A„ /* cxd we have that a,\„,o ~~ ► Coo- Then, we can 
obtain v n € -4a„,o C TVoo satisfying JA n ,o(wn) = Ioo{v n ) — > Coo and (3(v n ) = 0, where we are 
understanding that the function w n is extended to the whole space by setting v n (x) := 
for a.e. x eR N \A Xn , . 

Thus, it follows from Lemma \2. 41 that 



v n (x) = w„(x -y n ) +v(x -y n ) (3.6) 

with (u>„) C H 1 (R 3 ) satisfying w„ — > strongly in H 1 (R 3 ), (y n ) C K 3 being such that 
\y n \ — > co, and v G i? 1 (M 3 ) verifying 

Joo{v)=c oa , J' 00 {v)=Q. (3.7) 

The rest of the proof follows as in p] Proposition 4.1]. ■ 

In the next result, we present the asymptotic behavior of the minimax bx as A — > co. 
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Lemma 3.2 We have that 



lim 6 A = Coo. 



Proof. Let tp £ Qj^IR 3 ) be a function such that p = 1 in Si(0), p = in JR 3 \B 2 (0) and 
< y < 1. For each i? > 0, we define 



pfl(ar) = p ( jA and w fl (a;) = ^ji(a;)«;(x), 



where iu is a ground-state solution of (Poo)- Arguing as [TJ Proposition 4.2] we conclude 
that 

(3.8) 



lim sup c\ < Ioo(tRW R ). 

A— >oo 






dw we show that 


lim t R = 1. 


deed, since u>_r ||| = li^ 2 , we have 


M(^||u,«|| 2 ) 

*llk*ll 2 


1 


/" 


f{tRW R ) 

. {tRW R ) 3 _ 


7/; 4 


\\wr\ 


4 A? 


W R- 


om (/ 3 ) e (f±) and R > 1, we get 


M(*ilM| 2 ) ^ i /■ 

t%\\w R \\ 2 - WwrW 4 J Bl{0) 


\f(t R wY 

[(M 3 . 


u; 4 > 


IMI 4 A 


i(0) 


r/(*flo) 



(3.9) 



(3.10) 



where a = min w(x). 

\x\<l 

Suppose that there is (R n ) a sequence such that t Rn —} oo as R n — > oo. Thus, we have 



M(*L||«;hJ| 5 



> 



1 



4JKJI 2 -|KJI 4 7b i( o) 

It follows from (/a) and Fatou's Lemma that 

M(t R Jw Rn f) 



/(*«„«) 



(ifl„«) 3 



t?JI«>flJI 2 



— »• oo, 



which is a contradiction with (M 3 ). 

Suppose now t Rn — > as R n — » oo. Using the growth of /, given by (/i) — (J2), we have 



M(t|J|^J| 2 ) 



*fl„ll u, «» 



-+0, 



which is a contradiction with (Mi). Thus, there exists t > such that, up to a subsequence, 
ifl n — > to and from (|3.9[) . we get 



M(tl\\wf) 1 



i 2 |MI 2 



Ml 4 



ws 



f(t w) 
(tow) 3 
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Since that w is a solution of (Poo ) we conclude that t = 1 and Fx> (IrWr) — >• 1^ (w) = Coo 
as R — > oo. Thus, by (|3.8|) we obtain 

limsupcA < Coo- 

A— >oo 

The reverse inequality follows from the definition of Coo and b\ . M 

The following result is the key point in the comparison of the category of tt with that 
of the sublevel sets of the functional J\ given by J A Ar = {u £ J\T\ : J\{u) < b\ :r }. 

Lemma 3.3 There exists A* > such that /3(u) £ HT, whenever u £ J x r ' and A > A*. 

Proof. The result follows from Lemma [3. II and arguments that were used in [TJ Proposition 
4.3]. ■ 

Replacing Q\ by P\ r (0) we can prove that there exists u\ tT a solution of problem 

C Cu = /(«), B Xr (0) 
(P\, r ) { u>0, P Ar (0) 

[ u = 0, dB Xr (0) 

which is radially symmetric on the origin (see |9]). For A > and r > 0, we define the 
operator $ r : Af2_ — ► Hq(£1\) given by 

<f> (^ - J u A,r(|a; - 2/|), a; e #Ar(y) 

rA ' ~ \ 0,16 A \P Ar (y) 

Notice that for each y £ AO_, we have (3($ r . y ) = y. 
Lemma 3.4 For eac/i A £ [A*,oo), we have 

cat b Xr (m A ' 1 ($ r (AO_))) = cat b x>r ($ r (AO_)) > ccrffi, 

*A ^A 

where # A x,r = {u £ 5+ : * A (w) < &A,r}- 
Proof. Suppose that 



$ r (Aft_) = (J A 
i=i 



A: 

3- 



where A, C I A A '' C M\ is closed and contractible in / A Ar . Since that m\ : S~£ — > j\f\ is a 
homeomorphism we get 

cat b Xr (m A 1 ($ r (Ar2_))) = cat b Xr (<£> r (Afi_)) = fc. 

*A ' *\ 

Now the rest of the proof follows from the Lemma [3~3l and from [1, Proposition 4.5]. ■ 
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4 Proof of Theorem 11.11 

Firstly, we define the compact set K := to7 ($ r (AO_)) and we observe that K C ^\' r C 
St. Moreover, follow from the Lemma T3. 41 that 

catfl < cat b x ^K. 

Follow from [[TS], Theorem 27], with c = b\ < b\ yT = d, that &x' r contains cattl critical 
points of ^\. From the Remark l3.11 we conclude that I\ has at least catVt critical points, 
with energy in \b\,b\, r \- 

On the other hand, if catil > 1 we argue similarly to [[8], Theorem 1.1]. Choosing 
u* e S^ such that & A ,r < *a(w*), we define 

9 = {tu* + (l-t)u:t£ [0, 1] e u G if}. 

We observe that 9 is compact and 0^0. 
We also define the set 

Once K CT, with K contractible in T and 

b\ r < ^x(u*) < max$A =: C, 
ver 

it follows that If is contractible in ^. Over again, from [[18 , Theorem 27], with 2 < fc = 
ca££7 e e = c, we conclude that "J/ a has another critical point in ^\\IJ A ,r . From Remark 



13. 1[ it follows that I\ has another critical point with energy in (6a, r, c]. I 
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